Abstract. We obtain results on approximation of holomorphic maps by algebraic maps, jet transversality theorems for holomorphic and algebraic maps, and the homotopy principle for holomorphic submersions of Stein manifolds to certain algebraic manifolds. We also describe the hierarchy between several holomorphic flexibility properties.
Introduction
In this paper we study properties of complex manifolds which are opposite to Kobayashi-Brody-Eisenman hyperbolicity ( [5] , [16] , [47] , [48] ), and which we shall call holomorphic flexibility properties. A connected complex manifold Y is Brody n-hyperbolic for some n ∈ {1, . . . , dim Y } if it does not admit any holomorphic map C n → Y with rank n at 0 ∈ C n . Our discussion of holomorphic flexibility will center around the following quantified opposite to Brody hyperbolicity:
Convex approximation property (CAP): Every holomorphic map K → Y from a compact convex set K in C n (for any n ∈ N) can be approximated uniformly on K by entire maps C n → Y .
By [25] CAP implies, and hence is equivalent to, the following classic
Oka property: Every continuous map f 0 : X → Y from a Stein manifold X to Y is homotopic to a holomorphic map f 1 : X → Y ; if f 0 is holomorphic in a neighborhood of a compact H(X)-convex subset K of X then a homotopy {f t } t∈ [0, 1] from f 0 to f 1 can be chosen such that f t is holomorphic and uniformly close to f 0 on K for every t ∈ [0, 1].
CAP is obtained by localizing (=restricting) the Oka property to compact convex sets K ⊂ X = C n . By corollary 1.4 in [26] CAP is equivalent to several other Okatype properties; in particular, if Y enjoys CAP then a holomorphic map X 0 → Y from a closed complex subvariety X 0 in Stein manifold X extends to a holomorphic map X → Y provided that it extends to a continuous map of X to Y (theorem 1.2 in [26] ). Among the conditions implying the Oka property we mention homogeneity under a complex Lie group (Oka [61] and Grauert [32] , [33] , [34] ), ellipticity (the existence of a dominating spray, Gromov [39] ), and subellipticity (the existence of a finite dominating family of sprays, [21] ); see also [27] , [28] , [29] .
Our first result in this paper is a Runge-type theorem on algebraic approximation of holomorphic maps of affine algebraic manifolds to algebraically subelliptic manifolds (theorem 1.1); the latter condition refers to the existence of a finite dominating family of algebraic sprays. It follows that every algebraically subelliptic manifold enjoys the algebraic convex approximation property (corollary 1.2).
The next set of results concern the jet transversality theorem for holomorphic maps from Stein manifolds to subelliptic manifolds, and to manifolds enjoying the Oka property (theorems 1.4, 1.5 and the results in §4). We also prove a jet transversality theorem for algebraic maps (theorem 4.2 and propositions 4.5 and 4.9).
In §5 we establish the homotopy principle for holomorphic submersions of Stein manifolds to any lower dimensional algebraic manifold which is Zariski locally equivalent to complements of thin algebraic subvarieties in a Euclidean space, and to unramified quotients of such manifolds (theorem 5.2). Our proof combines methods developed recently in [22] , [23] with the algebraic approximation and transversality theorems proved in this paper.
In corollary 1.8 we summarize the known relations between the holomorphic and the algebraic flexibility properties including homogeneity, various notions of ellipticity, the Oka property, the (validity of the) jet transversality theorem, and dominability by Euclidean spaces. In §6 we look at examples and open problems.
We begin by discussing algebraic approximations. All algebraic maps in this paper are morphisms (without singularities) unless otherwise stated. A spray on a complex manifold Y is a holomorphic map s : E → Y from the total space of a holomorphic vector bundle p : E → Y , satisfying s(0 y ) = y for all y ∈ Y ( [39] , §1.1.B). The spray is algebraic if p : E → Y is an algebraic vector bundle and the spray map s : E → Y is algebraic. A complex (resp. algebraic) manifold Y is (algebraically) subelliptic if it admits a finite collection of (algebraic) sprays s j : E j → Y such that for every y ∈ Y the vector subspaces (ds j ) 0y (E j,y ) ⊂ T y Y together span T y Y (definition 2.1; compare [21] ); Y is elliptic if the above holds with a single spray (which is then called dominating). Algebraic subellipticity is a Zariski-local condition (proposition 1.3 in [21] ).
Theorem 1.1. If X is an affine algebraic manifold and Y is an algebraically subelliptic manifold then a holomorphic map X → Y which is homotopic to an algebraic map can be approximated by algebraic maps uniformly on compacts in X.
In particular, every null-homotopic holomorphic map X → Y is a limit of algebraic maps. For more precise results see §3. The problem of approximating holomorphic maps by algebraic maps is of central importance in analytic geometry. Algebraic approximations in general do not exist even for maps between affine algebraic manifolds (for example, there are no nontrivial algebraic morphisms C → C * = C\{0}). Demailly, Lempert and Shiffman [14] , [57] proved that a holomorphic map from a Runge domain in an affine algebraic variety to a semiprojective algebraic manifold can be approximated uniformly on compacts by Nash algebraic maps. (A map U → Y from an open set U in an algebraic variety X is Nash algebraic if its graph is contained in an algebraic subvariety Γ ⊂ X × Y with dim Γ = dim X, [60] .) Unfortunately Nash algebraic approximations do not suffice in the proof of theorem 5.2 where we need to approximate a holomorphic map K → Y on a compact convex set K ⊂ C n by a holomorphic map C n → Y whose ramification locus is a thin algebraic subvariety of C n . Global Nash algebraic maps would suffice for this purpose, but these are algebraic morphisms by the GAGA principle ([68] , p. 13, proposition 8).
Problem 1.3. (Algebraic Oka property)
Assume that X is an affine algebraic manifold and Y is an algebraically subelliptic manifold. Does every homotopy class of maps X → Y contain an algebraic map? (By the holomorphic Oka property every homotopy class contains a holomorphic map.)
Next we discuss transversality theorems. If X and Y are smooth manifolds, k ∈ {0, 1, 2, . . .} and Z is a smooth closed submanifold of J k (X, Y ) (the manifold of k-jets of smooth maps of X to Y ) then for a generic smooth map f : X → Y its k-jet extension j k f : X → J k (X, Y ) is transverse to Z (Thom [74] , [75] ; for extensions see [1] , [30] , [31] , [58] , [77] , [80] ). This only rarely holds for holomorphic maps. The transversality theorem for one-jets of holomorphic maps C n → Y implies that all Kobayashi-Eisenman metrics on Y vanish and Y is dominable by C n , n = dim Y ; if such Y is compact and connected then its Kodaira dimension κ = kod Y ( [3] , p. 29) satisfies κ < dim Y , i.e., Y is not of general Kodaira type [50] , [51] , [8] , [49] .
In the positive direction we mention the basic transversality theorem (for 0-jets) for holomorphic maps to any manifold with a submersive family of holomorphic self-maps (Abraham [1] ); a classical example is Bertini's theorem to the effect that almost all projective hyperplanes in P n = P n (C) intersect a given complex submanifold Z ⊂ P n transversally ( [31] , p. 150; [41] , p. 179; [46] ). The jet transversality theorem holds for holomorphic maps of Stein manifolds to Euclidean spaces [18] . Kaliman and Zaidenberg [45] proved it for holomorphic maps from Stein manifolds to any complex manifold if we shrink the domain of the map (see theorem 4.7 below). Here we prove the following results. Although theorem 1.4 follows from theorem 1.5 and the known fact that subellipticity implies the Oka property [21] , our proof of theorem 1.4 in §4 is much more elementary than the proof of the latter implication, and it applies also in the algebraic category where the Oka property is not available. For these reasons we prefer to separate them. Theorem 1.5 is proved in §4 immediately after theorem 4.7.
A property of a holomorphic map X → Y is said to be generic if it holds for all maps in a set of the second category in the Frèchét space H(X, Y ) of all holomorphic maps X → Y . The jet transversality theorem implies that 'singularities' of a generic map f ∈ H(X, Y ) (points of non-maximal rank) satisfy the codimension conditions in [18] , proposition 2. This implies the following; for the last statement concerning injective immersions one needs a multi-jet transversality theorem which is an easy extension (see [18] , §1.3 for the case Y = C N ). 1 ) and a Serre fibration (it enjoys the homotopy lifting property); examples include holomorphic fiber bundles with subelliptic fibers and, more generally, subelliptic submersions which are topological fiber bundles (such as the unramified elliptic fibrations). A finite induction and the equivalence CAP⇔Oka property imply the following. . Applying CAP to an injective holomorphic map B → Y from a ball B ⊂ C p sending the origin to a chosen point y ∈ Y we see that CAP implies the following strong dominability: For every point y ∈ Y there is a holomorphic map f y : C p → Y such that f y (0) = y and df y has maximal rank p at 0 ∈ C p . A family {f y } y∈Y of such maps, depending holomorphically on y ∈ Y , is a dominating spray on Y . homogeneous =⇒ elliptic =⇒ subelliptic =⇒ semisubelliptic =⇒ CAP ⇐⇒ Oka property =⇒ jet transversality theorem =⇒ dominability.
In the algebraic category we have the implications elliptic =⇒ subelliptic =⇒ CAP ⇓ ⇓ jet transversality =⇒ dominability.
In the algebraic case CAP is interpreted in the sense of corollary 1.2, and the first vertical arrow in the second display is theorem 1.4. Remark 1.9. (CAP and Oka properties) What we have been calling the Oka property is more precisely called the basic Oka property with approximation. The basic Oka property with (jet) interpolation of Y means the possibility of homotopically deforming a continuous map f 0 : X → Y from any Stein manifold X to a holomorphic map f 1 : X → Y , keeping it fixed (to any finite order in the jet case) on a closed complex subvariety X 0 ⊂ X along which f 0 is holomorphic. Combining the interpolation with the approximation on compact H(X)-convex subsets we obtain the Oka property with (jet) interpolation and approximation. All these properties are equivalent to CAP (corollary 1.4 in [26] ), and the analogous equivalences hold for their parametric versions (theorem 6.1 in [26]). All these properties are implied by subellipticity [21] , and are equivalent to ellipticity on a Stein manifold ([39], 3.2.A.; proposition 1.2 in [29] ). For the classical case of homogeneous manifold see [32] , [33] , [34] , [9] , [35] , [19] , [43] , [42] , and for maps of Riemann surfaces see [81] . Remark 1.10. (CAP versus Brody hyperbolicity) Fixing the value of n ∈ N in the definition of CAP one obtains the property CAP n . If n ∈ {1, . . . , dim Y } then CAP n can be seen as a quantified opposite to Brody n-hyperbolicity which requires that every holomorphic map C n → Y has rank < n at each point. (For hyperbolicity see [5] , [16] , [47] , [48] , [82] and the surveys [11] , [12] , [62] , [70] .) In this range of n the properties CAP n are strictly increasing in strength (example 1.7 in [25] ), but we do not know whether they stabilize at n = dim Y . By theorem 1.2 in [25] a complex manifold Y p satisfying CAP n+p enjoys the Oka property for maps from any Stein manifold of dimension ≤ n to Y .
We mention another property of interest in the study of holomorphic group actions. Every nonconstant plurisubharmonic function on C n is unbounded from above; hence the same is true on a complex manifold which is strongly dominable by C n . If a Stein manifold Y does not admit any bounded plurisubharmonic function then every R-complete holomorphic vector field on Y is also C-complete, i.e., it induces a holomorphic action of (C, +) (corollary 2.2 in [20] ). It remains to be seen how large is the gap between various flexibility properties discussed above, except for the Riemann surfaces where they all coincide (proposition 6.10). In §6.6 we look at this question in the class of compact complex surfaces with kod Y < 2. Fairly complete results on dominability of surfaces, due to Buzzard and Lu [7] , show that our results (especially corollary 1.7) give close to optimal answer regarding the Oka property in the class of minimal surfaces, with the exception of K3 surfaces and ramified elliptic fibrations.
Any holomorphic flexibility property is an exception rather than a rule in every sufficiently large class of complex manifolds. In fact, none of the conditions considered in this paper hold for compact complex manifolds of Kodaira general type; it is conjectured that such manifold Y is 'almost hyperbolic' in the sense that there is a proper subvariety Y 0 ⊂ Y which contains the image of any nonconstant holomorphic map C → Y (the Green-Griffiths conjecture, [37] ). But is it not the case that exceptions are often more interesting?
Preliminaries
We denote by H X the sheaf of germs of holomorphic functions on a complex manifold X and by H(X) = H(X, C) the algebra of all global holomorphic functions on X. For a pair of complex manifolds X, Y we denote by H(X, Y ) the set of all holomorphic maps X → Y , endowed with the compact-open topology. This topology is induced by a complete metric and hence H(X, Y ) is a Baire space. A property of f ∈ H(X, Y ) is said to be generic if it holds for all f in a residual subset (a countable intersection of open dense subsets).
A function (or map) is said to be holomorphic on a compact set K in a complex manifold X if it is holomorphic in an open set U ⊂ X containing K. A homotopy of maps {f t } is holomorphic on K if there is a neighborhood U of K independent of t such that every f t is holomorphic on U .
An affine manifold is a closed complex or algebraic submanifold of a Euclidean space C N . The class of affine complex manifolds coincides with the class of Stein manifolds [73] , [40] according to the embedding theorems [63] , [4] , [59] , [17] , [66] .
We denote by O X the structure sheaf of an algebraic manifold X and by O(X) the algebra of all regular algebraic functions on X. O(X, Y ) denotes the set of all regular algebraic maps (morphisms) X → Y between algebraic manifolds. Clearly
If both X and Y are compact then O(X, Y ) = H(X, Y ) by Serre's GAGA principle [68] . In our case the source manifold X will be affine but Y will often be compact. For basic results on algebraic manifolds and maps we refer to Serre [67] , [68] and Hartshorne [41] .
Sprays have already been defined in §1. More generally, a fiber-spray for a holomorphic submersion h : Y → Y ′ is a triple (E, p, s) consisting of a holomorphic vector bundle p : E → Y and a holomorphic map s : E → Y such that for each y ∈ Y we have s(0 y ) = y and s(E y ) ⊂ Y h(y) = h −1 (h(y)). (See [39] , §1.1.B., and [27] 
for each y ∈ Y | U ; such a collection of sprays is dominating at y. The submersion is elliptic if the above holds with k = 1. A complex manifold Y is (sub-)elliptic if the trivial submersion Y → point is such, and is algebraically (sub-)elliptic if there exists a family of algebraic sprays on Y satisfying (2.1).
Examples of (sub-) elliptic submersions can be found in [34] (see especially sections 0.5.B and 3.4.F), [27] , [21] ; for further examples see §6 below.
Algebraic approximation
All algebraic maps are assumed to be morphisms. 
An algebraic submersion satisfying the hypotheses of theorem 3.3 will be called algebraically subelliptic (compare with definition 2.1). This condition is Zariskilocal with respect to the base manifold X, i.e., if every point x ∈ X admits a Zariski neighborhood U ⊂ X such that the restriction of the submersion to U is algebraically subelliptic over U then the submersion is algebraically subelliptic over X. This is proved in the same way as proposition 1.3 in [21] (see also lemmas 3.5.B. and 3.5.C. in [39] ). Theorem 3.3 is an algebraic analogue of theorem 3.1 in [21] . (See also [39] , as well as theorems 4.1 and 4.2 in [27] .) It seems that the first approximation results of this type have been proved by Grauert [32] , [33] for holomorphic maps of Stein manifolds to complex homogeneous manifolds. Proof of theorem 3.3. Let (E, p, s) be the (algebraic) composed fiber-spray on Z obtained from the fiber-sprays (E j , p j , s j ) (j = 1, . . . , k) (see [39] , §1.3, and [27] , definition 3.3). We recall the construction of E. For k = 1 we take (E, p, s)
(the pull-back to E 1 of the vector bundle p 2 : E 2 → Z by the first spray map s 1 : E 1 → Z) and define the spray map
(here e 1 ∈ E 1 and e 2 ∈ E 2 are such that s 1 (e 1 ) = p 2 (e 2 )). Repeating the construction we inductively obtain a sequence of algebraic vector bundle projections
The composed bundle E → Z has a well defined zero section which we identify with Z, and T E| Z ≃ T Z ⊕ E 1 ⊕ · · · ⊕ E k . Denoting by s : E → Z the composed spray, the restriction of its differential ds 0z : T 0z E → T z Z to the fiber E j,z of E j over z in the above direct sum decomposition equals (ds j ) 0z :
is equivalent to the following domination property of the composed spray:
The bundle E → Z admits a (noncanonical) holomorphic vector bundle structure over any Stein subset of Z ( [39] , §1.3, and [27] , corollary 3.5). In the remainder of the proof we shall only work with the composed spray bundle (E, p, s) and will no longer need the sprays (E j , p j , s j ) (so in the sequel k will no longer mean the number of these sprays). Choose open Stein neighborhoods V ⊂⊂ U ⊂⊂ X of K such that the homotopy f t in theorem 3.3 is defined in U . Set
Lemma 3.4. There are numbers k ∈ N and 0 = t 0 < t 1 < · · · < t k = 1 such that for every j = 0, 1, . . . , k − 1 there exists a homotopy of holomorphic sections
such that ξ tj is the zero section and s(ξ t (z)) = f t (h(z)) for all t ∈ I j and z ∈ V tj .
Proof. Assume first that there exists a Stein open set Ω
By corollary 3.5 in [27] E| Ω admits the structure of a holomorphic vector bundle over Ω and a holomorphic direct sum splitting E| Ω = H ⊕ H ′ where H ′ is the kernel of ds at the zero section of E and H is some complementary subbundle ( [40] , p. 256, theorem 7). It follows from (3.1) that for every z ∈ Ω the restriction s :
) maps a neighborhood of 0 z in H z biholomorphically onto a relative neighborhood of z in the fiber Z h(z) . The size of this neighborhood (and its image in the corresponding fiber of Z) can be chosen uniform for points in any compact subset of Ω, and hence on ∪ t∈[0,1 V t . For every t ∈ [0, 1] the local inverse of s : H| Vt → Z at the zero section gives a homotopy of sections
for τ ∈ I t and z ∈ V t . By uniformity we can choose ǫ > 0 independent of t ∈ [0, 1] and the lemma follows.
For the general case observe that f t (U ) 
Proof. It suffices to joining the homotopies {ξ t : t ∈ [t j , t j+1 ]} from lemma 3.4 belonging to different restricted bundles E| Vt j ( [27] , proposition 3.6, p. 134).
We continue with the proof of theorem 3.3. By the assumption the sprays (E j , p j , s j ) on Y are algebraic. An inspection of the construction shows that the iterated spray (E ′ , p ′ , s ′ ) above is also algebraic. (The intermediate splittings
′ in the proof of lemma 3.4 were not necessarily algebraic, but they were only used to construct the homotopies ξ t .) It remains to show that the homotopy η t : V → E ′ V in lemma 3.5 admits a uniform approximation on K by a homotopy η t : X → E ′ consisting of algebraic sections depending algebraically also on t ∈ C, with η 0 = η 0 being the zero section; the map
In the holomorphic case one argues that, as X is Stein, the composed bundle E ′ → X is biholomorphic to a vector bundle ( [27] , corollary 3.5; [39] , §1.3.A') and hence the existence of a holomorphic homotopy η t as above is insured by the OkaWeil approximation theorem. However, the construction of a holomorphic vector bundle structure on E ′ involves Grauert's theorem to the effect that a holomorphic vector bundle structure is invariant under holomorphic homotopies. We give an alternative proof avoiding transcendental methods. By the construction of the composed bundle E ′ there is a finite sequence
in which every map E j,0 → E j−1,0 is an algebraic vector bundle projection. Since X is affine, the bundle E 1,0 → X is generated by finitely many (say n 1 ) algebraic sections according to Serre's theorem A ( [67] , p. 237, Théorème 2). This gives a surjective algebraic map π 1 :
Pulling back the sequence (3.2) to the new total space E 1,1 we obtain a commutative diagram
in which all horizontal maps are algebraic vector bundle projections and the vertical maps π j for j ≥ 2 are the induced natural maps. More precisely, we begin by letting E 2,1 → E 1,1 be the pull-back of the bundle E 2,0 → E 1,0 in the bottom row by the vertical morphism π 1 : E 1,1 → E 1,0 , and we denote by π 2 : E 2,1 → E 2,0 the asociated natural map which makes the respective diagram commute. Moving one step to the left, E 3,1 → E 2,1 is the pull-back of the bundle E 3,0 → E 2,0 in the bottom row by the morphism π 2 : E 2,1 → E 2,0 , and E 3,1 → E 3,0 is the induced natural map; etc. There is an algebraic spray map s 1 : E m,1 → Z which is the composition of π m : E m,1 → E m,0 with the initial spray s :
We claim that the homotopy τ t (consisting of holomorphic sections of
. It suffices to see that the E 1,0 -component of τ t (i.e., the projection of τ t under the composed projection E m,0 → E 1,0 ) lifts to E 1,1 ; the rest of the lifting follows automatically by the natural vertical maps. But this follows from the fact that the surjective algebraic vector bundle map π 1 : E 1,1 → E 1,0 admits an algebraic splitting, i.e., there is an algebraic vector bundle map σ 1 :
over X such that π 1 • σ 1 is the identity on E 1,0 . In the holomorphic case this is theorem 7 in [40] , p. 256. The proof given there also applies in the algebraic case (over an affine algebraic base manifold X) by applying Serre's Theorem B for coherent algebraic sheaves on affine manifolds ( [67] , p. 237, Théorème 2; see also §50 in [68], pp. 242-243]).
We now repeat the same argument with the bundle E 2,1 → E 1,1 = X 1 over the affine base manifold X 1 = X × C n1 : the bundle is generated by algebraic sections which gives a surjective algebraic bundle map E 2,2 = X 1 × C n2 → E 2,1 . As before we lift the top line in the above diagram to a new level 
we can approximate τ m t uniformly on K by a homotopy of algebraic (polynomial) sections τ t which is also polynomial in the variable t. The algebraic map F (x, t) = s m ( τ t (x)) ∈ Z ((x, t) ∈ X × C) satisfies the conclusion of theorem 3.3.
Transversality theorems for holomorphic maps
Given complex manifolds X, Y we denote by
For a holomorphic map f : X → Y and k ∈ N we denote by [80] , p. 227, that a stratification of a closed complex subvariety A of a complex manifold X is a decomposition of A into a locally finite disjoint union of open connected complex manifolds A α , called the strata of A, such that the boundary of each stratum is a union of lower dimensional strata. Whitney proved that every closed complex subvariety A ⊂ X admits a stratification which is regular with respect to tangent planes ( [80] , theorem 8.5). We shall not recall this condition (a) of Whitney but only remark the following consequence which is of importance for transversality. Given stratified complex subvarieties
such that x belongs to a stratum A α of A, y belongs to a stratum B β of B and Given f ∈ H(X, Y ), we say that f | A is transverse to B if the range of
We shall base our discussion on the following condition introduced by Gromov. 
The analogous property in the algebraic category will be called Algebraic Ell 1 .
For examples see [38] 
Compare with [38] , p. 73, (C'); see also theorem 4.8 below for the jet transversality theorem with interpolation on a subvariety X 0 ⊂ X. Theorem 1.4 in §1 follows from theorem 4.2 and proposition 4.5 below.
Proof. We follow Abraham's reduction [1] to Sard's theorem [65] . Although this method is well known (see §1.3.7. in [31] for the smooth case and [18] , [45] in the holomorphic case), we include a sketch of proof since we shall need small modifications and adaptations of the standard arguments in some of the proofs in this section and also in §5.
Whitney's condition (a) implies the following lemma. 
The analogous result holds if B is a smooth closed submanifold, and in the algebraic category. 
and by inspecting definitions we see that the following are equivalent (compare [31] , p. 40):
If A is a subvariety of X, one applies the above argument with U replaced by the manifold U ∩ A α for a fixed stratum A α of A. This gives a residual set of t's in C N for which f t | Aα∩U is transverse to a stratum B β . Since A and B have at most countably many strata, we find t ∈ C N arbitrarily close to 0 such that f | A∩U is transverse to B. This proves theorem 4.2 for k = 0.
Suppose now that k > 0 and B ⊂ J k (X, Y ). Fix f ∈ H(X, Y ) and a compact set K ⊂ X. It sufficies to prove that f can be approximated uniformly on K by holomorphic maps X → Y whose k-jet extension j k f is transverse to B on A ∩ K. Let F : X × C N → Y be as in Ell 1 . We may assume that X is embedded in a Euclidean space C n . Let W denote the complex vector space of all polynomial maps P :
Proof. The argument is local and hence we may assume X = C n . Write P = (P 1 , . . . , P N ) ∈ W and let t = (t 1 , . . . , t N ) be the coordinates on C N . For every multiindex I = (i 1 , . . . , i n ) we have
where H I (x) contains only terms ∂ J x P with |J| < |I| multiplied by various partial derivatives of F . Hence the k-jet map j k x (G P ) is lower triangular with respect to the components of j k x P and the diagonal terms are nondegenerate at P = 0 (since G 0 (x) = F (x, 0) and ∂ t F (x, 0) is nondenegenerate). For more details see [45] .
Sard's theorem [65] implies that for most P ∈ W, j k (G P )| A is transverse to B at every point of A ∩ K. This concludes the proof of theorem 4.2. Proof. Fix a holomorphic map f : X → Y . If Y admits a dominating spray (E, p, s) then f * E → X is a holomorphic vector bundle and there is a holomorphic map ι : f * E → E covering f and bijective on each fiber. Then s • ι : f * E → Y satisfies Ell 1 for f , except that f * E → X need not be a trivial bundle. By Cartan's Theorem A this bundle is generated by finitely many (say N ) holomorphic sections; this gives a surjective complex vector bundle map τ :
If Y is subelliptic, it admits a dominating family of sprays (E j , p j , s j ) for j = 1, . . . , k and we perform the above procedure several times. (In essence we use dominating composed sprays as in [39] 
for some n 1 ∈ N. By composing it with σ 1 we obtain f 1 :
Repeating the construction with f 1 : X 1 → Y and the spray s 2 : E 2 → Y we find n 2 ∈ N a holomorphic map f 2 :
After k steps we obtain a map F :
The last equality is the domination property (2.1). This completes the proof in the holomorphic case.
In the algebraic case the bundle E This also follows from our proof of theorem 4.2 by using a holomorphic map [10] , and hence there exist holomorphic vector fields V 1 , . . . , V N in Ω tangent to the fibers of the projection X × Y → X and generating the tangent space of the fiber at each point. Let θ j t denote the flow of V j . For x ∈ X near K and small t 1 , . . . , t N ∈ C we take
Proof of theorem 1.5 . Assume that X is Stein and holomorphic maps X → Y satisfy the Oka property. Let f : X → Y be a holomorphic map. Choose compact H(X)-convex subsets K, L ⊂ X with K ⊂ Int L. By theorem 4.7 we can approximate f uniformly on L by a holomorphic map g : U → Y on an open set U ⊃ L such that j k g| U∩A is transverse to B. If the approximation is sufficiently close, there is a smooth map g : X → Y which agrees with g in a neighborhood of L and with f on X\U . By the Oka property g can be approximated uniformly on L by holomorphic maps f : X → Y . If the approximation is sufficiently close then f still satisfies the desired transversality condition on K by lemma 4.3. This shows the density of transverse maps on compacts in X, thus completing the proof of theorem 1.5.
We also give an interpolation version of theorem 1.5. Given a closed complex subvariety X 0 of X, f 0 ∈ H(X, Y ) and r ∈ N the set
is a closed metric subspace of H(X, Y ) and hence a Baire space. Proof. Since r ≥ k, the set of all f ∈ H(X, Y ; X 0 , f 0 , r) for which j k f | A is transverse to B at all points of A ∩ X 0 is open in H(X, Y ; X 0 , f 0 , r). To prove theorem 4.8 it thus suffices to show that we can approximate the initial map f 0 uniformly on any compact H(X)-convex subset K ⊂ X by f ∈ H(X, Y ; X 0 , f 0 , r) such that j k f | A is transverse to B at every point of A ∩ K.
Assume first that maps X → Y satisfy Ell 1 and let F : X × C N → Y be as in the definition of Ell 1 , with F (· , 0) = f 0 . Consider the basic case k = 0, B ⊂ Y . There exist functions g 1 , . . . , g l ∈ H(X) defining X 0 and vanishing to order r + 1 on X 0 . For every x ∈ X let σ x : C N l → C N be defined by
Clearly σ x is surjective if x ∈ X\X 0 and is the zero map if x ∈ X 0 . The map
) is a submersion with respect to t (at t = 0) if x ∈ X\X 0 and is degenerate if x ∈ X 0 . Hence the proof of theorem 4.2 applies over X\X 0 . Let f t = F (· , t) : X → Y for t ∈ C N l . By construction j r f t | X0 = j r f 0 | X0 for every t. Choose a compact set K ⊂ X. By the assumption f 0 | A is transverse to B on A ∩ X 0 . Hence there is an open neighborhood U ⊂ X of A ∩ X 0 ∩ K such that f t | A∩U is transverse to B for every t sufficiently close to 0 (here we use Whitney regularity). The set K ′ = K\U ⊂ X\X 0 is compact and hence for most values of t the map f t | A is transverse to B on A ∩ K ′ . Thus f t | A is transverse to B on K ∩ A for most t close to 0 which concludes the proof for k = 0. Similarly one obtains the proof for k > 0 by following the arguments in the proof of theorem 4.2.
The same proof gives a semiglobal version analogous to theorem 4.7 without any restriction on Y .
The proof of the general case is completed as in theorem 1.5 by using corollary 1.4 in [26] to the effect that the Oka property of Y implies (and hence is equivalent to) the following Oka property with jet interpolation on a subvariety X 0 : for any continuous map f 0 : X → Y which is holomorphic in an open neighborhood of X 0 ∪ K (where K ⊂ X is a compact H(X)-convex set) and for any r ∈ N there is a homotopy {f t } t∈[0,1] ∈ H(X, Y ; X 0 , f 0 , r) as in the definition of the Oka property ( §1). Using this instead of the usual Oka property the proof is completed exactly as in the proof of theorem 1.5.
In the algebraic category we are unable to obtain a global transversality theorem since O(X, Y ) need not be a Baire space. However, the global result holds under the following stronger assumption on Y . Proof. Let f 0 : X → Y be an algebraic map. Pulling back the spray s : E → Y by f 0 gives an algebraic submersion F :
. For a generic choice of t ∈ C N the algebraic map f t | A = F (· , t)| A is transverse to a given subvariety B ⊂ Y by Sard [65] . (Indeed this holds for all but finitely many values of t.) Similarly we obtain the jet transversality by considering maps x → F (x, P (x)) for a suitably chosen polynomial P (compare with the proof of theorem 4.2).
The homotopy principle for holomorphic submersions
Given complex manifolds X and Y we denote by S(X, Y ) the set of all pairs (f, ι) where f : X → Y is a continuous map and ι : T X → T Y is a fiberwise surjective complex vector bundle map such that the diagram in Fig. 1 commutes. Fig. 1 is invariant under homotopies of the base map, and (f, T f ) ∈ S(X, Y ) when f : X → Y is a holomorphic submersion. Hence a necessary condition for a continuous map f : X → Y to be homotopic to a holomorphic submersion X → Y is that f is covered by ι with (f, ι) ∈ S(X, Y ). When is this condition also sufficient? By theorem II in [22] this is so if X is Stein and Y = C p , p < dim X: Every surjective complex vector bundle map T X → X × C p is homotopic to the tangent map of a holomorphic submersion X → C p .
Definition 5.
1. An algebraic manifold Y is of Class A if every point of Y admits a Zariski-open neighborhood which is biregularly isomorphic to C p \A for some algebraic subvariety A ⊂ C p with dim A ≤ p − 2.
We prove the following result extending theorem II in [22] . . . . , z n ), z j = x j + iy j , be the coordinates on C n . Set
A special convex set in C n is a compact convex subset of the form
where h is a smooth concave function with values in (−1, 1). 
According to theorem 2.1 in [23] the conclusion of (a) (respectively of (b)) in theorem 5.2 holds provided that some holomorphic covering space of Y satisfies Property S n (respectively Property HS n ) with n = dim X. Hence theorem 5.2 reduces to proving the following. In the proof of proposition 5.4 we shall need the following lemmas. 
Clearly the extensions are algebraic inverses of each other; hence ψ is a regular algebraic isomorphism of
The extended transition maps ψ i,j obtained in this way (for any pair of charts φ i , φ j ) satisfy the 1-cocyle condition and hence define an algebraic manifold Y which is Zariski-locally isomorphic to C p . Explicitly, we obtain Y by taking for every index j a copy of C p , and we glue the copies corresponding to indices i, j by the isomorphism ψ i,j : C p \Z i → C p \Z j . Let U j ⊂ Y be the subset corresponding to the j-th copy of C p , and denote by φ j : U j → C p the tautological map (this is a local chart on Y ). Let A ⊂ Y be defined by the condition φ j (A ∩ U j ) = A j for every j. By construction, A is a closed complex subvariety of codimension ≥ 2 and Y can be identified with Y \A.
Proof of proposition 5.4. We first prove Property S n . Let f 0 : K → Y be a holomorphic submersion where K is a special compact convex set (5.2) in C n . By lemma 5.5 and corollary 3.2 we can approximate f 0 uniformly on K by algebraic maps C n → Y ; hence we may assume that f 0 : C n → Y is algebraic and f 0 | K : K → Y is a submersion. The critical locus Σ 0 ⊂ C n of f 0 (the set of non-submersion points) is an algebraic subvariety of C n which does not intersect K.
Case 1: dim Σ 0 ≤ n−2. Lemma 3.4 in [22] provides a holomorphic automorphism ψ of C n which approximates the identity map in a neighborhood of K and satisfies ψ(P ) ∩ Σ 0 = ∅. The map f = f 0 • ψ : P → Y is a holomorphic submersion approximating f on K. This proves Property S n .
Case 2: dim Σ 0 = n − 1. We shall reduce to Case 1 by inductively removing all (n − 1)-dimensional irreducible components from Σ 0 .
Choose an irreducible component Σ 
⊗m → Y which is degenerate over Y 0 (i.e., s(y, t) = y for all y ∈ Y 0 and t ∈ E y ) and equals s 0 over Y \Y 0 ⊂ U (using the identification E| U ≃ τ p | U ). For the construction of s see proposition 1.3 in [F1, p. 541] or §3.5.B. and §3.5.C. in [39] .
(One can avoid this result by using Serre's Theorems A and B to show that E ′ is the quotient of a trivial bundle over C n , and pulling back F to this trivial bundle.) Thus we obtain an algebraic map F :
Write V = C n \Z 0 . Applying the transversality arguments in §4 with the map F (see especially theorem 4.8 and proposition 4.9 which is relevant since F is a submersion over V ) we obtain an algebraic map
(ii) f 0 and f 1 agree to order one along the subvariety Z 0 , (iii) f 1 | V is transverse to the subvariety A ⊂ Y , and hence the algebraic subvariety B = (f 1 | V ) −1 (A) ⊂ V has codimension at least 2, and (iv) the ramification locus C ⊂ V of f 1 | V has dimension ≤ n − 2.
The set Σ 1 = (Σ 0 ∩ Z 0 ) ∪ B ∪ C is an algebraic subvariety of C n which does not intersect K and has less (n − 1)-dimensional irreducible components than Σ 0 . (Indeed, since B and C contain no such components, the only ones are the (n − 1)-dimensional components of Σ 0 which are contained in Z 0 . Since
is not among them.) The map f 1 : C n \Σ 1 → Y has range in Y = Y \A and is of maximal rank (a submersion) at every point. Repeating the same argument with (f 1 , Σ 1 ) and continuing inductively we obtain in finitely many steps a submersion f : C n \Σ → Y where Σ is an algebraic subvariety with dim Σ ≤ n − 2. This reduces the proof to the Case 1 and hence establishes Property S n of Y .
It remains to prove that a manifold Y of Class A also satisfies Property HS n for n > dim Y . We shall need the following lemma on algebraic approximation of the initial homotopy f t . 
Proof. By corollary 3.2 we may approximate f 0 by an algebraic map C n → Y and hence we may assume that f 0 itself is algebraic. By theorem 4.5 in [27] we can approximate the homotopy f t uniformly on K by a homotopy consisting of holomorphic maps f t : P → Y (t ∈ [0, 1]) such that f t = f t for t = 0, 1. Hence we may assume that the original homotopy f t is defined and holomorphic on P (and f 0 is algebraic). Lemma 5.7 now follows from theorems 3.1 and 3.3 applied with the compact set P in X = C n .
We continue with the proof of proposition 5.4. Assume that the map f t in lemma 5.7 is a submersion K → Y for t ∈ [0, 1] and a submersion P → Y for t ∈ {0, 1}. If the approximation of f t by the algebraic map F t = F (· , t) : C n → Y , furnished by lemma 5.7, is sufficiently uniformly close on the respective sets then we may assume the same properties for F t (after shrinking K and P slightly). Let Σ ⊂ C n+1 be the algebraic subvariety consisting of all point (x, t) ∈ C n+1 at which the partial differential ∂ x F t : T x C n → T F (x,t) Y has rank < dim Y . The transversality argument in the proof of Property S n shows dim Σ ≤ n − 1 for a generic choice of F . Fix such F . For all but finitely many t ∈ C the set Σ t = {x ∈ C n : (x, t) ∈ Σ} then satisfies dim Σ t ≤ n − 2. By a small deformation τ : [0, 1] → C of the parameter interval [0, 1] ⊂ R ⊂ C inside C we can avoid this exceptional set of t's and obtain a homotopy of algebraic submersions
Applying lemma 3.4 in [22] we obtain a family of holomorphic automorphisms ψ t ∈ AutC n depending smoothly on t ∈ [0, 1], with ψ 0 , ψ 1 being the identity map, such that ψ t (P )∩Σ τ (t) = ∅ for every t ∈ [0, 1]. The homotopy f t = F τ (t) •ψ t : P → Y (t ∈ [0, 1]) consists of holomorphic submersions approximating f t on K (resp. on P for t = 0, 1). If f 0 is uniformly sufficiently close to f 0 on P then we can join the two maps by a homotopy of submersions P → Y ; the same holds at t = 1. This shows that Y satisfies Property HS n , thus concluding the proof of proposition 5.4.
Remark 5.8. Our proof of theorem 5.2 holds for any algebraic manifold Y with a submersive algebraic spray; in such case proposition 4.9 shows that any holomorphic map f : K ⊂ C n → Y admits algebraic approximations f : C n → Y whose ramification locus has codimension ≥ 2 in C n . We do not know whether theorem 5.2 is valid for all algebraically subelliptic manifolds Y .
Examples
This section contains a fairly complete list of manifolds which are known to satisfy one or more of the holomorphic flexibility properties considered in this paper.
6.1. Elliptic manifolds and submersions. Ellipticity here means the existence of a dominating spray in the sense of Gromov [39] , and subellipticity means the existence of a finite dominating family of sprays (see [21] and §2 above). Both properties are stable under passing to an unramified covering space (proposition 1.6 in [21] , or ( * * ) on p. 883 of [39] ), but it is unknown whether they pass to holomorphic quotients. They are also stable under Cartesian products ( [21] , lemma 2.5). It is not known whether they are invariant under bimeromorphic isomorphsims. 6.1.1. Every complex Lie group and homogeneous space is elliptic since the exponential map induces a dominating spray. Suppose now that G is an algebraic Lie group. If G admits no homomorhisms to C * = C\{0} then G is generated by its unipotent subgroups. Each left invariant vector field on G arising from a unipotent subgroup gives rise to an algebraic spray on G, and it is esily seen that (under the above generation condition) these vector fields span the tangent space of G at each point. It follows that every algebraic Lie group which admits no homomorphisms to C * is algebraically elliptic (see (6.1.3) below; I owe the above argument to J. Winkelmann). Clearly C * is elliptic but not algebraically elliptic.
The complement C
p \A of a tame complex subvariety A ⊂ C p of codimension at least two is elliptic (lemma 7.1 in [28] ); if A is algebraic then C p \A is algebraically elliptic ([21] , proposition 1.2). In particular, if A is a tame discrete set in C p for p > 1 [64] then C p \A is elliptic (algebraically elliptic if A is finite).
6.1.3. A holomorphic vector field on a complex manifold Y is said to be Ccomplete, or completely integrable, if it is the infinitesimal generator of an action of (C, +) on Y ; equivalenty, its flow exists for all complex values of the time variable. (On complex manifolds without bounded plurisubharmonic functions every R-complete field is also C-complete [20] .) A complex manifold whose tangent bundle is generated by finitely many C-complete holomorphic vector fields is elliptic; a dominating spray is obtained by composing their flows ( [39] ; [27] , p. 119, ( * )). See also §6.8 below.
6.1.4. Let T p = C p /Γ where Γ ⊂ C p is a lattice of maximal rank 2p (p ≥ 2). For any finite set of points q 1 , . . . , q m ∈ C p the discrete set Γ 0 = ∪ m j=1 (Γ + q j ) is tame in C p (proposition 4.1 in [7] , [6] ) and hence Y = C p \Γ 0 is elliptic by (6.1.2). Note that Y covers T p with m points removed (since the inverse image of a point in T p equals Γ + q for some q ∈ C p ). Since the Oka property is inherited by unramified holomorphic quotients (corollary 1.7), we conclude Proposition 6.1. The complement of finitely many points in a complex torus of dimension ≥ 2 enjoys the Oka property and the jet transversality theorem for holomorphic maps from Stein manifolds.
In [7] and [6] it was shown that the complement of finitely many small balls in T p is dominable by C p . We do not know whether the Oka property is preserved.
6.1.5. (Sub-)ellipticity of a holomorphic submersion π : Y → Z was defined in §2 in terms of dominating (families of) fiber-sprays over small open subsets in Z. Given a projective fiber bundle π : E → Z with fiber P n and a closed subvariety Σ ⊂ E with (algebraic) fibers of dimension ≤ n − 2, the restricted submersion π : Y = E\Σ → Z is subelliptic [21] ; if E is the projective closure of a holomorphic vector bundle E 0 → Z then π : E 0 \Σ → Z is elliptic [39] , [28] . In general this fails if we remove a complex hypersurface (divisor). However, we show the following. Proof. The indeterminacy set of g is a closed complex subvariety A ⊂ Z of complex codimension at least two. Each point z 0 ∈ Z\A has an open neighborhood U ⊂ Z\A such that g| U = g 0 /g 1 where g 0 and g 1 are holomorphic functions without common zeros in U . The vector field V (z, w) = g 1 (z)w − g 0 (z) ∂ ∂w on U × C is tangent to the fibers of π, it vanishes precisely on the graph of g| U , and is C-complete, with the flow φ t (z, w) = (z, ψ(z, w, t)) (t ∈ C) where
The restriction of φ to Y | U is a dominating fiber-spray for the restricted submersion π : Y | U → U .
Corollary 6.3. If g is a meromorphic function without points of indeterminacy on a Stein manifold X then functions
This follows from proposition 6.2 and the homotopy principle for sections of elliptic submersions [39] , [28] . Picard's theorem shows that corollary 6.3 fails near an essential singularity of g. This is stated to be the case in [39] , §3.5.C., but we don't know how to prove it. Compare with proposition 1.4 and lemma 5.1 in [21] .
Problem 6.7. Is every subelliptic manifold also elliptic?
A good test case may be P q \A where A ⊂ P q is a thin algebraic subvariety; P q \A is algebraically subelliptic by proposition 1.2 in [21] .
An important problem is how to recognize the affine space C n among all ndimensional affine algebraic varieties which are diffeomorphic (or biholomorphic) to C n ; [52] . In view of corollary 1.2 the following question is natural.
Problem 6.8. (A recognition problem) Let Y be an n-dimensional affine algebraic manifold which is algebraically subelliptic. Assuming that Y is diffeomorphic (or biholomorphic) to C n , is Y is algebraically equivalent to C n ? 6.3. Classes A 0 ⊂ A. By lemma 5.5 every manifold of Class A is algebraically subelliptic.
6.3.1. The basic examples of Class A 0 manifolds are the affine spaces, the projective spaces P q and the complex Grassmanians. Further examples are the total spaces W of holomorphic fiber bundles π : W → Y where the base Y is of Class A 0 , the fiber is F = π −1 (y) ∈ {C m , P m } and the structure group is GL m (C) respectively P GL m (C). Every such bundle is algebraic by GAGA [68] and its restriction to any affine Zariski-open set U ≃ C q ⊂ Y is algebraically trivial, π −1 (U ) ≃ U × F . It follows that W is covered by Zariski-open sets biregular to C q+m and hence is of Class A 0 . 6.3.2. A special case of (6.3.1) are the Hirzebruch surfaces H l where l = 0, 1, 2, . . .; these are fiber bundles over P 1 with fiber P 1 . H 0 equals P 1 × P 1 , and H 1 is P 2 blown up at one point. Every H l is birationally equivalent to P 2 . Proof. By localization it suffices to show that the manifold L obtained by blowing up C q at the origin is of Class A. L is the total space of a holomorphic line bundle π : L → P q−1 (the universal bundle); L is trivial over the complement of each hyperplane P q−2 ⊂ P q−1 (which equals C q−1 ), and hence each point in L has a Zariski neighborhood of the form π −1 (P q−1 \P q−2 ) which is biregular to C q .
Manifolds of Class
6.4. Quotients of Class A manifolds. These satisfy the Oka property (corollary 1.7) and the homotopy principle for submersions (theorem 5.2).
6.4.1. Quotients Y = C p /Γ where Γ is a lattice in C p (a discrete additive subgroup of C p ). Each of these is a Lie group and hence elliptic. The proof of proposition 6.1 shows that the complement of any finite set in Y enjoys the Oka property. This class includes all complex tori. 6.4.2. Let π : W → Y be a holomorphic fiber bundle whose base Y is a quotient of a Class A 0 manifold, the fiber π −1 (y) is C m respectively P m , and the structure group is GL m (C) respectively P GL m (C). Then W is also a quotient of a Class A 0 manifold. To see this, let ρ : Y → Y be a holomorphic covering with Y of Class A 0 . Pulling back π : W → Y by ρ gives a holomorphic fiber bundle π : W → Y with the same fiber and structure group. By (6.3.2) W is of Class A 0 . Clearly the natural map ι : W → W is a holomorphic covering and the claim follows. Proof. The universal covering of Y is one of the surfaces U = {z ∈ C : |z| < 1}, C, P 1 . P 1 has no nontrivial quotients while C covers C * and the tori C/Γ. All of these are homogeneous and hence admit a dominating spray, and they also satisfy theorem 5.2 since P 1 and C are of Class A. The disc and its quotients are hyperbolic.
6.6. Compact complex surfaces. Recall ( §1) that the Oka property of a compact complex surface Y implies dominability by C 2 and hence its Kodaira dimension satisfies κ ∈ {−∞, 0, 1} [50] , [8] , [49] .
We first consider projective surfaces, although many conclusions will carry over to compact complex surfaces. By the Enriques-Kodaira classification (Chapter VI in [3] ) every compact projective surface which is not of general Kodaira type is obtained from one of the following minimal surfaces by blowing up points: (6.6.1) A holomorphic P 1 -bundle over a curve C; κ = −∞. These classes are not entirely disjoint; for example, the moduli space of K3 surfaces contains a dense subspace of codimension one consisting of elliptic fibrations. All surfaces on the above list are minimal (not containing smooth rational (−1)-curves), and every compact projective surface X is obtained from one of them (or from a minimal surface of general type if kod X = 2) by a finite sequence of blow-ups. If kod X ≥ 0 then X is obtained from a unique minimal Y .
A complete list of compact (not necessarily projective) complex surfaces, classified according to the value of the Kodaira dimension κ < 2, can be found in [3] , Table 10 on p. 244. Some of these can be included in the classes already listed above; for example, the class of elliptic fibrations (6.6.4) includes all bi-elliptic surfaces and all primary Kodaira surfaces ( [3] , V.5). Besides the classes already mentioned above we have (6.6.5) Secondary Kodaira surfaces; κ = 0. These are unramified holomorphic quotients of primary Kodaira surfaces. Buzzard and Lu proved in [7] (theorem 1.1) that for a compact projective surface Y of Kodaira dimension κ < 2 which is not birational to an elliptic or a Kummer K3 surface, dominability by C 2 is equivalent to the existence of a holomorphic map C → Y with Zariski-dense image. For compact surfaces with κ < 2 which are not birationally equivalent to a K3 surface they also gave a characterization of dominability in terms of the fundamental group (theorem 1.2 in [7] ). By the same theorem, every compact projective surface which is birationally equivalent to an elliptic or a Kummer K3 surface is dominable by C 2 ; the same holds in the category of compact (non-projective) surfaces (propositions 4.4 and 4.5 in [7] ).
In the sequel we try to decide which of the compact surfaces mentioned above enjoy the Oka property.
Tori (6.6.2), being unramified quotients of C 2 , satisfy the Oka property and the conclusion of theorem 5.2. (Algebraic tori are called abelian varieties.) A secondary Kodaira surface Y (6.6.5) is covered by a primary Kodaira surface Y 0 which is an elliptic fibration; hence Y enjoys the Oka property if and only if Y 0 does. However, there exist surfaces with the structure of a ramified elliptic fibration which are not dominable by C 2 (example 6.12 below).
A Hopf surface (a special case of a Class VII surface (6.6.6)) is a quotient Y = C 2 * /Γ by a finite extension of a cyclic group. It enjoys the Oka property since its universal covering C 2 * is of Class A (6.4.3). An example of a Hopf surface without the structure of an elliptic fibration is obtained by letting Γ ⊂ Aut(C 2 * ) be a cyclic group with a generator (z, w) → (λz, µw) where |λ| < 1, |µ| < 1 and λ n = µ m for all m, n ∈ N. Such Y only admits two distinct compact complex curves and hence does not admit the structure of a fiber space ( [3] , V.18., proposition 18.2).
An Inoue surface (6.6.6) is by definition a quotient of D × C (where D is the unit disc) and hence is not dominable by C 2 . They don't admit any closed complex curves, and any nonconstant image of C is Zariski dense.
For surfaces (6.6.1) (which include all Hirzebruch surfaces (6.3.2)) and for the unramified elliptic fibrations (6.6.4) the following proposition gives a complete answer regarding the Oka property. Proof. (a)⇒(b) holds in general (see §1), (b)⇒(c) is obvious, and (c)⇒(a) follows from corollary 1.7 and proposition 6.10 (in this case C is one of the Riemann surfaces P 1 , C, C * or a torus C/Γ). This proves proposition 6.11. We observe in addition that the total space Y of a holomorphic fiber bundle Y → C with fiber P 1 and base C ∈ {P 1 , C} is of Class A, and if C is C * or a torus C/Γ then Y is a quotient of a Class A manifold; theorem 5.2 applies to all such manifolds.
For ramified elliptic fibrations π : Y → C corollary 1.7 does not apply and in general such Y does not enjoy the Oka property even if C is non-hyperbolic. I wish to thank J. Winkelmann for explaining me the following example.
Example 6.12. There exists a ramified elliptic fibration π : Y → P 1 such that Y is not dominable by C 2 (and hence does not enjoy the Oka property).
Let Z be a hyperelliptic Riemann surface of genus g ≥ 2 with involution σ ∈ Aut(Z); then Z is hyperbolic and Z/σ = P 1 . Let E be an elliptic curve considered with its group structure, and let τ ∈ E be a non-neutral element of order 2 (2τ = 0 in E). Then x → x + τ is a fixed point free involution on E. Take Y = Z × E/Γ where Γ is the cyclic group of automorphisms generated by γ(z, x) = (σ(z), x + τ ) which acts without fixed points on Z × E. Let π : Y → P 1 be the ramified elliptic fibration induced by the projection p : Z ×E → Z. We have a commutative diagram
where h is an unramified holomorphic covering. A holomorphic map f : C n → Y lifts to a map g : C n → Z × E so that f = h • g. Since Z is hyperbolic, the image of g is contained in a (vertical) fiber of p which implies that the map π • f : C n → P 1 is constant. Thus Y is not dominable by C 2 . (In this example kodY = 1.)
This concludes our discussion of elliptic fibrations (6.6.4). Every compact complex surface bimeromorphic to a Kummer K3 surface (in the class (6.6.3)) is holomorphically dominable by C 2 by proposition 4.5 in [7] . We do not know whether any (or all) of the Kummer K3 surfaces enjoy the Oka property.
6.7. Complements of divisors. We have already mentioned in (6.2) that the complement of a projective subvariety A ⊂ P n containing no divisors is subelliptic and hence enjoys the Oka property. On the contrary, the complement of a hypersurface of sufficiently large degree in P n is usually hyperbolic (see [11] , [12] , [13] , [15] , [70] , [71] , [72] ). However, the complement of any smooth cubic curve in P 2 is dominable by C 2 (proposition 5.1 in [7] ).
Problem 6.13. Does the complement of a smooth cubic curve C in P 2 enjoy the Oka property?
There is a sequence Y → Y 0 → P 2 \C where Y is the complement of a meromorphic graph in C 2 , Y → Y 0 is an unramified holomorphic covering map, and Y 0 → P 2 \C is a finite ramified map (see the proof of proposition 5.1 in [7] ). G. Buzzard has explained to the author (private communication, April 2004) why the manifold Y enjoys CAP, and hence the Oka property. Thus an affirmative answer to the following problem would imply an affirmative answer to 6.13. 6.8. The density property and the Oka property. We mention another flexibility property introduced by D. Varolin [78] , [79] (motivated by results of Andérsen and Lempert on holomorphic automorphisms of C n [2] ) and considered in recent years by several authors [76] , [44] . Denote by X (Y ) the Lie algebra of all holomorphic vector field on Y and by X c (Y ) the Lie subalgebra generated by all C-complete holomorphic vector fields. Y is said to satisfy the holomorphic density property if X c (Y ) is dense in X (Y ) in the compact-open topology. (On algebraic manifolds one defines the algebraic density property by considering algebraic vector fields.)
The density property of a Stein manifold Y has many interesting consequences; such Y contains biholomorphic copies of C p (p = dim Y ), and also proper biholomorphic copies of itself. It has been conjectured by Varolin that a Stein manifold with the density property which is diffeomorphic to C p is also biholomorphic to C p . Among non-Stein manifolds the density property may trivially hold due to the absence of global holomorphic vector fields. is a spray which is dominating on L. This already suffices to prove that Y satisfies CAP (which is equivalent to the Oka property). Indeed, CAP is a special case of the h-Runge approximation theorems proved in [39] and [27] under the assumption that Y admits a dominating spray; an inspection of that proof shows that one only needs the domination property of the spray on a compact set in Y containing the image of the homotopy in question.
